We construct a new class of Einstein-Maxwell static solutions with a magnetic field in D-dimensions (with D ≥ 5 an odd number), approaching at infinity a globally Anti-de Sitter (AdS) spacetime. In addition to the mass, the new solutions possess an extra-parameter associated with a non-zero magnitude of the magnetic potential at infinity. Some of the black holes possess a non-trivial zero-horizon size limit, which corresponds to a solitonic deformation of the AdS background.
Introduction
A simple scaling argument, going back at least to Coleman [1] and Deser [2] , shows that no gauge field solitons exist in a four-dimensional Minkowski spacetime background. Moreover, for a Maxwell field, this also holds when taking into account the backreaction on the geometry [3] (and keeping the assumption of asymptotic flatness). The situation is different, however, for a (globally) Anti-de Sitter (AdS) background. An early indication in this direction came from the discovery in [4] of an exact solution of the Yang-Mills (YM) equations in an AdS spacetime (note that only the dS version of the solution was considered in [4] , while the AdS interpretation has been given much later in [5] ). This solution is regular everywhere, has finite mass and describes a unit charge magnetic monopole. Different from the well known (flat spacetime) 't Hooft-Polyakov monopole [6, 7] , it exists without a Higgs field, being supported by a nonzero value of the cosmological constant Λ.
In fact, as found in [8] , the configuration in [4] is a particular member of a family of solutions, which are classified by an (arbitrary) magnetic charge. As expected, these solitons survive when taking into account the gravity effects [9] implying the existence of black holes (BHs) with non-Abelian hair [10] . The gravitating AdS solutions possess a variety of interesting features that strongly contrast with those of the asymptotically flat spacetime counterparts [11] [12] [13] [14] (for example, some of them are stable). As such, the study of the Einstein-Yang-Mills-AdS (EYM-AdS) solitons and BHs has been an active field of research over the last decade (for a review, see [15] ).
In hindsight, the existence of such solutions is not a surprise, and can be attributed to the fact that the AdS spacetime effectively acts like a 'box'. Then, the field modes, which, for Λ = 0, are divergent at infinity, get regularized. In addition, some of the features can be attributed to the non-linearities of the model.
In a rather unexpected development, it has been recently realized [16] [17] [18] [19] that even an Abelian gauge field possesses solitonic solutions in the AdS background. Such solutions exist for any term in the multipole expansion, except the lowest one. In addition, they can be promoted to gravitating solitons of the full Einstein-Maxwell (EM) theory when including the backreaction, without destroying the AdS asymptotics. Moreover, placing a horizon inside these solitons results in static EM BHs, which are very different from the well known Reissner-Nordström-AdS solution.
The results above concern the (most familiar) case D = 4. However, it is worth inquiring about the situation in more than four dimensions. Since the "boxing" feature is not specific to AdS 4 spacetime, this suggests that similar results should also be found for D > 4 dimensions. Indeed, this is the case for non-Abelian fields, the solutions in [4, 8] possessing higher dimensional generalizations with many similar properties [20, 21] . Thus, it is then natural to expect that the same holds for a Maxwell field.
The main purpose of this work is to report the results of a preliminary investigation in this direction. We shall focus on a particular class of static solutions with magnetic fields only, approaching at infinity an odd-dimensional (globally) AdS background. This makes it possible to introduce an ansatz that factorizes the angular dependence, such that the EM system of equations reduces to a codimension-1 problem (although the system is not spherically symmetric). These aspects are discussed in Sections 2 and 3 of this work.
The emerging picture for D = 5, 7, and 9 shows some similarities with the D = 4 results in [16] [17] [18] [19] . For example, in the probe limit, one again finds U(1) solitons. In addition, as discussed in Section 4, these configurations possess gravitating generalizations, including BHs with a nontrivial magnetic field. However, some properties are different. For example, due to the slow decay of the magnetic fields, in higher dimensions, one has to supplement the action with a boundary matter counterterm, despite the spacetime being asymptotically AdS.
Magnetic Fields in an Odd-Dimensional AdS Spacetime
Before approaching the issue of EM solutions, it is useful to consider first the probe limit, i.e., a U(1) field in a fixed AdS spacetime. Restricting to D = 2k + 3 dimensions (with k ≥ 1 as such D ≥ 5), we consider a general metric ansatz with
In our approach, the metric of the odd-dimensional (round) sphere is written as an S 1 fibration over the complex projective space CP k ,
where dΣ 2 k is the Fubini-Study metric on the unit CP k space and A = A i dx i is its Kähler form. The fibre is parameterized by the coordinate ψ, which has period 2π. A simple explicit form for Equation (2) is found by introducing k + 1 complex coordinates z i (with
Then, one can take (see e.g., [22] ): z i = e i(ψ+φ i ) cos θ i ∏ j<i sin θ j , for i = 1, . . . , k, and z k+1 = e iψ ∏ k j=1 sin θ j . Note that the coordinates φ i have period 2π, while the θ i have period π/2.
The corresponding expression of the Kähler form
A general study of the Maxwell equations in the background (1,2) (for a given N(r)) is a complicated task. However, the situation simplifies dramatically for a gauge field ansatz :
(with B the gauge potential and the corresponding field strength tensor F = dB), which factorizes the angular dependence. This expression of the gauge potential is essentially the magnetic truncation of the U(1) ansatz used in [23, 24] in the study of Einstein-Maxwell(-Chern-Simons) rotating black holes in D = 2k + 3 dimensions. This is a consistent ansatz, the Maxwell equations dF = 0 reducing to a single ordinary differential equation (ODE) for a ϕ (r):
For a flat spacetime, N(r) = 1, the above equation has the general solution
(with c 1 , c m arbitrary constants), which necessarily diverges at the origin or at infinity. However, the singularity at infinity is cured for an AdS background, where the metric function N(r) in (1) is
with L the AdS length scale. In this case, c 1 /r D−3 is still a solution of Equation (4), as in the flat spacetime limit. However, the second independent solution is everywhere regular, in particular at r = 0, and reads (with 2 F 1 the hypergeometric function)
Here, the normalization has been chosen such that a ϕ (r) → 
The profile of solutions together with their basic properties are similar to those discussed in Section 4 for gravitating generalizations.
Rather similar results are found when considering instead a spherically symmetric BH background. Starting again with the Λ = 0 case, we take
such that the line element (1) corresponds to a Schwarzschild-Tangherlini BH (with r = r H > 0 the event horizon radius). In this case, we notice the existence of the following exact solutions of Equation (4) a ϕ (r) = c m r Similar solutions can be constructed for higher D, without it being possible to find the general pattern.
One can see that a ϕ (r) diverges at infinity or possesses a logarithmic singularity at the horizon, a result which agrees with our intuition based on the 'no-hair' conjecture.
The situation changes, however, when considering a Schwarzschild-AdS (SAdS) background, with
with a horizon located at r = r H , and
. Unfortunately, no exact solution could be constructed this time. However, its numerical construction is straightforward, starting with the following near horizon expression (with a
At infinity, the leading order terms of the solution are
and, for D = 9,
with c m and µ arbitrary constants (note also the existence in the far field expression of terms induced by the presence of the horizon).
Einstein-Maxwell Solutions: the Formalism
When taking into account the backreaction on the geometry, the solutions above should result in EM solitons and BHs approaching at infinity the AdS D background. To construct them, we start with the following action principle in D-spacetime dimensions (with D = 2k + 3 again):
where
is the cosmological constant and F = dB is the electromagnetic field strength. Here, M is a D-dimensional manifold with metric g µν , and K is the trace of the extrinsic curvature K ab = −γ c a ∇ c n b of the boundary ∂M with unit normal n a and induced metric γ ab . As usual, the classical equations of motion are derived by setting the variations of the action (14) to zero, which results in the EM system:
Here,
F σρ F σρ g µν is the stress tensor of the electromagnetic field.
The ansatz and Equations
The U(1) ansatz is still given by Equation (3), in terms of one magnetic potential a ϕ (r), only. However, taking into account the backreaction will deform the sphere S 2k+1 , with different factors for the two parts in Equation (2), while the g rr and g tt metric functions will also receive corrections. Then, after fixing the metric gauge, a sufficiently general metric ansatz contains three different functions depending on r only, with a line element
One can show that this ansatz is consistent, and the Einstein equations result in three second-order ODEs:
together with a first-order constraint
which is a differential consequence of Equations (17), (18) and (19) . The Maxwell equations imply that the magnetic potential solves the following 2nd order ODE
The Asymptotics
Unfortunately, it seems that no analytical techniques can be used to construct in closed form the solutions of the above equations. Although we mention the existence for D = 3 of an exact solution of EM Equations (15) with a line element
log N(r)dϕ, diverging at infinity. This solution has been discussed in [25] [26] [27] [28] [29] , and is usually interpreted as a magnetic soliton. To our knowledge, its BH generalizations have not yet been considered in the literature. However, one can construct an approximate expression valid for large-r and also another one close to r = 0 or event horizon. In constructing the far field form of the solutions, we assume that the boundary spacetime topology is the product of time and a round sphere S D−2 , while the magnetic potential approaches a constant value. Then, a direct computation leads to the following large-r expansion of the solutions:
together with
valid for D = 5, 7, and 9. The corresponding expression becomes more complicated for higher D, with no general pattern becoming apparent. For any value of D, terms of higher order in L/r depend on the two constantsα andβ and also on the magnetic parameters c m , µ. In addition, one can verify that the asymptotic metric is still (AdS) maximally symmetric, i.e., to leading order, the Riemann tensor is
The corresponding expansion near the origin r = 0 reads
and {m 0 , f 0 , u, n 2 } free parameters, with f 0 > 0 and m 0 > 0. This implies that the solitons should be viewed as deformations of the AdS background, both parts in the S D−3 metric sector shrinking to zero as r → 0, while g tt and g rr stay finite and nonzero. There are also BH solutions. They possess an event horizon located at r = r H , an approximate form of the solution there being
with { f 2 , m 2 , n 2 , a
ϕ } undetermined parameters.
The Mass Computation
When evaluating the mass of the solutions for the far field expressions (22)- (24), one finds a divergent expression even in the absence of a Maxwell field. The general remedy for this situation is to add counterterms, i.e., coordinate invariant functionals of the intrinsic boundary geometry that are specifically designed to cancel out the divergences [30] . This procedure has the advantage of being intrinsic to the spacetime of interest, and it is unambiguous once the counterterm action is specified. Thus, we have to supplement the action (14) with (see [30] [31] [32] [33] ):
where R and R ab are the curvature and the Ricci tensor associated with the induced metric γ. In this series, new terms enter at every new even value of D, as denoted by the step-function (Θ (x) = 1 provided x ≥ 0, and vanishes otherwise). However, in the presence of matter fields, additional counterterms may be needed to regulate the mass and action of solutions [34] , a situation which is not unusual in AdS physics. This is the case for the EM solitons and BHs discussed in this paper. The supplementary counterterm has a rather complicated form, with two different terms:
where A general expression of the Maxwell counterterm has been proposed in [34] , which, for D = 7, 9, contains few other terms, both in T 0 and T 1 (note that the extra terms possess the same leading order behaviour as those in (31)). However, we have found that the counterterms in [34] fail to regularize the action of the solutions in this work. The problem seems to reside in the expression of some overall D−dependent coefficients there. After fixing the value of those coefficients, the results coincide with those displayed in this work Using these counterterms, one can construct a boundary stress tensor from the total action
by defining
Then, a conserved charge associated with a Killing vector ξ a at infinity can be calculated using the relationship:
where Σ is the sphere at infinity. The conserved mass/energy M is the charge associated with the time translation symmetry, with ξ = ∂/∂t. This prescription results in a finite expression of the mass, which contains three different terms
with
a standard term fixed by the constantsα,β that enter the far field expansion. There is also the usual Casimir term M (c) that occurs for odd dimensions [32] 
with e.g.,
In addition, there is also a nontrivial contribution from the magnetic field
Note that, in the above expression, Ω D−2 is the total area of the angular sector.
Other Quantities
In addition, the BHs also possess some quantities determined by the horizon data in (28). The Hawking temperature T H can be computed by evaluating the surface gravity or by demanding regularity of the Euclideanized manifold as r → r H . This results in:
The horizon is a deformed S D−2 -sphere, with a line element
its area A H being
In addition, to have a measure of the squashing of the horizon, we introduce the deformation parameter
which gives the ratio of the two parts parts in Equation (40) . These static Lorentzian solutions also make the Euclidean action extreme as the analytic continuation in time has no effect at the level of the equations of motion. Then, the tree level Euclidean action I of these solutions can be evaluated by integrating the Killing identity ∇ µ ∇ ν ζ µ = R νµ ζ µ , for the Killing vector ζ µ = δ µ t , together with the Einstein equation R t t = (R − 2Λ − F 2 )/2. In this way, one can isolate the bulk action contribution at infinity and at r = 0 (or r = r H ). As usual, the surface integral term at infinity contains divergences that are canceled by the Gibbons-Hawking term in the action (14) together with the counterterms (29) and (30) . The final expression for the total Euclideanized action is found in terms of boundary data at infinity and also for BHs at the horizon. For solitons, one finds I = βM (with β an arbitrary periodicity of the Euclidean time). For BHs, one finds I = βM − S (this time with β = 1/T H ), which implies an entropy of solutions, as computed from the Gibbs-Duhem relation, S = A H /4, as expected.
Einstein-Maxwell Solutions: The Results
Although an analytic or approximate solution of the Equations (17)- (21) appears to be intractable, we present arguments here for the existence of nontrivial solutions, which smoothly interpolate between the asymptotic expansions (22)- (25) and the origin expansion (26) or the horizon expansion (28) . Both solitons and BHs are found for D = 5, 7, and 9, by adapting the numerical techniques previously used for rotating EM-Chern-Simons solutions [35, 36] .
The system of four non-linear coupled ODEs for the functions ( f , m, n; a ϕ ) with appropriate boundary conditions (which follow straightforwardly from Relations (22)- (25) and Relation (26)), was solved by using the software package COLSYS developed by Ascher, Christiansen and Russell [37, 38] . This solver uses a collocation method for the boundary conditions and an adaptive mesh selection procedure. In the numerics, we employ a compactified radial coordinate x (with x = 1 − r H /r for BHs and x = r/(1 + r) in the case of solitons, such that 0 ≤ x ≤ 1). The solutions generated in this way have a typical relative precision of 10 −8 or better, with around 10 3 points in the mesh.
In the numerics, we fix the scale factor by taking a value L = 1 for the AdS length scale. In addition, to simplify the picture, we did not include the value of the corresponding Casimir terms in the curves for the mass. Since the equations of the model are invariant under the change of sign of a ϕ , we consider positive values of the magnetic parameter only, c m > 0.
For all the solutions we studied, the metric functions f (r), m(r), n(r) and the magnetic potential a ϕ (r) interpolate monotonically between the corresponding values at r = 0 (or r = r H ) and the asymptotic values at infinity, without presenting any local extrema. A typical example of solutions is shown in Figure 1 for a soliton ( Figure 1a ) and a BH (Figure 1b) . 
The Solitons
The solitons are fully characterized by the value of the parameter c m , which enters the large−r expansion of the magnetic potential.
The numerical results for D = 5, 7, 9 indicate the existence of one single branch of solutions only. This branch starts at c m = 0 (which corresponds to vacuum AdS D ) and extends continuously up to some limiting value, c m = c * m . The limiting value c * m depends on the dimension of the spacetime and L; for D = 5, 7, 9, it satisfies with very good accuracy (0.05%) the linear relation
The solutions with 0 ≤ c m < c * m are regular everywhere. However, the limit c m → c * m , is singular, with both the Ricci and the Kretschmann scalars diverging at the origin, r = 0. In addition, we could not find regular solitons with c m > c * m . Thus, we conclude that these EM-AdS solitons cannot exist for arbitrarily large values of the magnetic field on the boundary.
In Figure 2a , we show the mass M vs. the parameter c m , the dots marking the position of the limit solutions at c * m . One can notice that the M(c m ) curve depends on the value of the spacetime dimension. However, the mass remains finite as c m → c * m .
In Figure 2b , we show a similar plot for the magnetic moment µ, and again for D = 5, 7, and 9. One can see that, as expected, the magnitude of the magnetic moment always increases with c m (note also that the sign of µ is negative in D = 9). 
The Black Holes
As expected, these solitons possess BH generalizations. In what follows, we will focus on the D = 5 case, although the described generic properties are expected to hold for any D = 2k + 1.
The magnetized BHs are described by two independent parameters, a natural choice being c m and the mass M. Then, the solutions can be generated in two ways: (i) by adding a horizon inside the solitons described in the previous Section, or (ii) by introducing a magnetic field into the SAdS BH (which has c m = 0).
One important difference with respect to the solitonic case is that, for BHs, the parameter c m is no longer bounded. However, some basic properties of the solutions now depend on c m being smaller or larger than the critical value Figure 3b for the horizon area A H vs. the temperature T H . One can see that, for 0 ≤ c m < c * m , the BHs possess two distinct branches, which we shall call type I and type I I. In the vacuum limit, these correspond to the large and the small branches, respectively, of SAdS BHs. For type I BHs (solid lines), the mass and the horizon area increase with the temperature. For type II BHs (dashed lines), the mass and the horizon area decrease as the temperature increases. This set of BHs is especially interesting, since they can be deformed continuously into solitons, as the horizon size tends to zero.
Similar to the vacuum SAdS case, these solutions exist above a minimal value of temperature only. This minimal temperature decreases with increasing c m , reaching zero as c m = c * m . In fact, when c m ≥ c * m , the type II branch completely disappears. Consider for example, the curves for c m = 2.5 (orange solid line) and c m = 3 (purple solid line) in Figure 3a ,b . One can see that only type I BHs are found in these cases, and their temperature can reach T H = 0. However, contrary to what happens for the electrically charged Reissner-Nordström-AdS BHs, the extremal limit does not correspond to a regular configuration. Although the mass approaches a finite value there, the horizon area vanishes. In fact, the configurations with T H = 0 possess divergent Ricci and Kretschmann scalars at the horizon.
The singular nature of these solutions can also be appreciated in Figure 4a , where we show the deformation parameter vs. the parameter c m . First, one should notice that < 1 for all solutions; thus, a magnetic field increases the relative size of the round S D−3 part of the horizon as compared to that of the corresponding S 1 part. In addition, one can see that → 0 as T H → 0, which likely indicates a change in the topology of the horizon, from spherical to planar. Figure 4b . The red dot marks the endpoint of the soliton branch (note that the solitons always possess a lower mass than the BHs with the same c m ). However, the BHs exist also for c m ≥ c * m , in which case the lower bound of the domain of existence is no longer given by solitons. Instead, one finds that if one decreases the mass of the BHs, one reaches the singular limit described in the previous paragraphs. This set of singular solutions is plotted as a blue line in Figure 4b . Then, the magnetized BHs are found in the shaded area, which represent regular configurations with different temperatures. The type I BHs fill the purple area and are always above the configurations with minimum temperatures (that set is marked in Figure 4b with a dashed black line) . The type II BHs connect with the soliton limit and fill the green area between the solitons (red line) and the minimum temperature configurations (dashed black line).
Conclusions
Some recent results in the literature [16] [17] [18] [19] indicate that, for D = 4, the known solutions of the EM system in a globally AdS 4 background represent only 'the tip of the iceberg'. New solutions without Minkowski spacetime counterparts were shown to exist (this includes EM solitons), being supported by the confining box behaviour of the AdS spacetime.
The main purpose of this work was to inquire about the possible existence of similar configurations in more than four dimensions. The solutions reported here are likely to be the simplest one can consider in this context. For an odd number of spacetime dimensions, we use a suitable static metric ansatz and a purely magnetic U(1) field, which factorized the angular dependence. As such, the problem reduced to solving a set of ODEs, which significantly simplifies the setup as compared to the D = 4 case.
Our numerical results in this paper cover the cases D = 5, 7, and D = 9, although similar solutions should exist for an arbitrary dimension D = 2k + 1. Some basic results are similar to those known for D = 4. For example, the existence of solutions can be traced back to the fact that, in contrast to the flat space, the Maxwell equations in an AdS background possess solutions that are finite everywhere. Moreover, these solutions possess self-gravitating generalizations, while a BH can be added at their center.
However, some new features occur as well. For example, for D > 4, the mass of the solutions, as defined in the usual way, diverges, despite the spacetime being asymptotically AdS, and one has to supplement the boundary action with a matter counterterm. Moreover, for gravitating solitons, one notices the existence of a maximal value of the magnitude of the magnetic potential at infinity for D > 4.
As avenues for future research, we mention first the issue of electrically charged generalizations, which can be constructed by supplementing the gauge field ansatz with an electric potential, B = a ϕ (r) dψ + A + a 0 (r)dt .
One should remark that, although the problem remains codimension-1, the presence of an electric field implies that the solutions necessarily rotate. Purely electric, static and non-spherically symmetric solutions should exist as well, supported by nontrivial asymptotics of the electric potential. However, they would be less symmetric, with no cohomogeneity-1 ansatz as in this work, and would be found as solutions of partial differential equations. In fact, we have preliminary evidence for the existence of such configurations in D = 5 dimensions. They share some basic properties of their magnetic counterparts discussed here (for example, their mass as defined in the usual way, diverges logarithmically at infinity).
On a more conceptual level, it would be interesting to consider the solutions in this work in an AdS/CFT context. The fact that, for D > 4, the EM system (subject to the symmetries in this work) does not correspond to a consistent truncation of a gauged supergravity model makes it more difficult to obtain a CFT description. At the same time, Equation (14) is the basic part of a gauged supergravity action. Thus, we expect some basic properties of the solutions in this work to also hold for generalizations within a supergravity framework. If, for example, one supplements the D = 5 action with a U(1) Chern-Simons term, these static black holes are no longer solutions of the theory, unless one considers a planar horizon together with a special gauge field ansatz [39] (see also [40, 41] ). However, it will certainly be important to study in the future possible extensions of these solutions to Einstein-Maxwell-Chern-Simons theory.
